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Represen tat i o n Th eory o f S

k

Let � = ( �

1

; � ; �

N

) b e a partiti on o f k . Th u s �

i

2 Z ,

�

1

> � > �

N

> 0 and

P

�

i

= k . Let

S

�

= S

�

1

� � � S

�

N

� S

k

:

If � is a partitio n represen t it b y a Y oun g di ag ra m .

T r an sp o s i n g th e diagr am o f � giv es th e d i agr am o f th e

conjugate p art i t ion �

0

.

Example. N = 4 , � = (2 ; 2 ; 1 ; 0 ) = ( 2 ; 2 ; 1 ) = ( 2

2

1) .

� = �

0

=

Th us � is a partitio n of 5 o f length 3 or in to 3 p a rts.

Th e orem. Ind

S

�

S

k

(1) an d I n d

S

�

0

S

k

( sg n ) hav e a uniq u e

irr e du c ible c onstit ut e nt in c om mon.

Pro of . M a ck ey t heor y + com b i n ato rics. �

� Cal l t his s

�

.

� Th us t h e irredu cib le rep r esen t a t ion s of S

k

are parametri zed b y parti t i on s of k .
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T he ring �

W e d e�ne a gr ad ed Z - al gebra � .

� The homoge n eous part �

k

of d eg ree k is th e

add i t i v e group of general ized c h ar acters o f S

k

.

� The m u ltipli cation i s in du ct ion . Th us

S

k

� S

l

� S

k + l

so if � ;  a re c har acters of S

k

a n d S

l

t hen � 
  

is a c h a racter of S

k

� S

l

wh i c h w e in duce to S

k + l

.

� A Z -b a s i s of �

k

is f s

�

j � is a partitio n of k g .

� Let h

k

a n d e

k

b e t he trivia l and sign c hara ct e rs

of S

k

. Then � = Z [ h

1

; h

2

; � ] = Z [ e

1

; e

2

; � ] .

� W e h a v e

h

k

= s

( k )

( k ) is the par t i t i on ( k ; 0 ; � ; 0 )

e

k

= s

(1

k

)

( 1

k

) is the partitio n (1 ; 1 ; � ; 1 )

� � has an a u tomor p hism � of degree 2 su c h th a t

� ( h

i

) = e

i

and � ( e

i

) = h

i

. This i s th e in v olution .

� O n �

k

t he in v ol u tio n � a m o u n ts to ten so ring w ith

th e sign c h a racter.

� The in v ol u tio n cor resp ond s to conju g ation of p a r-

titions: � ( s

�

) = � ( s

�

0

)
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T he c h ar act er istic map

Let

s

�

( X

1

; � ; X

N

) =

Alt ( X

1

�

1

+ N � 1

X

2

�

2

+ N � 2

� X

N

�

N

)

Alt ( X

1

N � 1

X

2

N � 2

� X

N

0

)

b e t he Sc h ur p olyn o mial , wh er e

Alt =

X

� 2 S

N

( � 1)

sgn ( � )

� :

There is a rin g h om omor p hi s m (du e to F r ob enius )

c h : � � Z [ X

1

; � ; X

N

]

S

N

,

c h ( h

i

) = h

i

( X

1

; � ; X

N

) =

X

i

1

6 � 6 i

N

X

i

1

� X

i

N

;

c h ( e

i

) = e

i

( X

1

; � ; X

N

) =

X

i

1

< � < i

N

X

i

1

� X

i

N

;

c h ( s

�

) = s

�

( X

1

; � ; X

N

) :

(Complete, elemen tary, Sc h ur symmetric p olynomia ls).

� The homo m o rph ism is surjectiv e bu t n o t injec-

tiv e. T h us � do es not i n du ce a n i n v ol u tio n o f

sy mmetri c p o lyn o mials.

� How ev er it is bijectiv e on �

k

pro vided N > k .
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F rob en i u s-Sc h ur d uali t y

Let V = C

N

b e th e st a n dard mo d ule of U ( N ) . W e h a v e

comm utin g actio n s of U ( N ) and S

k

on 


k

V = V 
 � 


V ( k times) :

� : v

1


 � 
 v

k

	 v

�

� 1

( 1)


 � 
 v

�

� 1

( k )

; � 2 S

k

:

Th us w e ca n d eco mp ose 


k

V sim ultaneously:




k

V =

X

�

�

�


 s

�

as U ( N ) � S

k

-mo dules :

� The irr ed ucible represen tations o f S

k

that app ear

are the s

�

where � = ( �

1

; � ; �

N

) i s a parti t i on o f

k o f length 6 N .

� The i rredu c ib l e r ep r es en tatio n s of U ( N ) th a t

app ear are th o s e whose matrix co e�cien ts are

h o mogeneous p ol yn o m i als of degr ee k .

If g 2 U ( N ) has eig en v a lu es �

1

; � ; �

N

and f 2 � maps

to f = c h ( f ) 2 Z [ X

1

; � ; X

N

]

S

N

th en

�

�

( g ) = f ( �

1

; � ; �

N

) ; �

�

= c h ar acter of �

�

:

Multip lication in � co rresp o n ds t o t ensor p ro-

du ct i o n of represe n tations o f U ( N ) . T h us

s

�

s

�

=

X

�

c

��

�

s

�

; �

�


 �

�

=

M

�

c

��

�

�

�

:

The c

��

�

ar e Li t tlew o o d - Ric h ardson co e�cien ts .
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W ei gh ts

W e cons i d er in teg er sequen ces ( �

1

; � ; �

N

) .

� � = ( �

1

; � ; �

N

) 2 Z

N

is calle d a w e i g h t of N .

� W ei gh ts co rresp o n d t o ratio n a l c har acters of th e

d i ago n al tor u s o f U ( N ) :

� :

0

@

t

1

�

t

N

1

A

	 t

1

�

1

� t

N

�

N

:

� If �

1

> � > �

N

th e w eigh t is ca lled d om in an t .

� The h eigh t of � i s th e inn er pro d uct

h

� ; �

i

,

� = ( N � 1 ; N � 2 ; � ; 0) :

� If � i s a dominan t w eigh t � , th er e is a u niqu e

irr ed ucible �

�

of U ( N ) co n t a inin g � , no hig h er

w eigh t. High es t w e i g h t mo du le (W eyl ) .

� If �

N

> 0 th e dominan t w ei gh t � = ( �

1

; � ; �

N

) i s

a partit i o n o f k =

P

�

i

in to 6 N par t s.

� S o dominan t w e i g h ts p ar ametrize i rredu ci b le

represen tations of U ( N ) .. .

� ... and partitions o f k p a rametri ze i rredu ci b le

represen tations of S

k

.

� W ei gh ts an d partiti on s o v er lap, hence gi v e a

b i ject i on b et w een s ome r ep r es en tatio n s of U ( N )

and s ome re p resen tatio n s o f S

k

. T his is t h e

bi j ection w e const ru ct ed u s i ng 


k

C

N

.
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Generatin g fun c t ions

R e m em b er th at

h

i

( X

1

; � ; X

N

) =

X

i

1

6 � 6 i

N

X

i

1

� X

i

N

;

e

i

( X

1

; � ; X

N

) =

X

i

1

< � < i

N

X

i

1

� X

i

N

;

are th e complete a n d el emen t a ry s ymmetric p ol y's.

X

t = 0

1

t

k

h

k

( �

1

; � ; �

N

) =

Y

j = 1

N

(1 � t �

j

)

� 1

:

X

t = 0

1

t

k

e

k

( �

1

; � ; �

N

) =

Y

j = 1

N

(1 + t �

j

) :

These ma y b e reg arded a s generating fun c t i on s fo r th e

sy mmetri c and exteri or alg eb ra s on C

N

.

� The i n v olution � of � in terc h a n g es

X

t = 0

1

t

k

h

k

�

X

t = 0

1

t

k

e

k

� There is n o co rresp ondin g c orresp o n den ce o f

sy mmetri c fun ctio n s (since e

k

= 0 f o r k > N ) b ut

roughly w e c an t hi nk of the in v olution as

t ran s form i ng the tw o t yp es of g en e ratin g

f u nctions in to on e a not h er.
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C orr esp on den c es

If G an d H are gro u ps , a cor resp o n den ce of r ep r es en-

tations is a b i j e ct i on b etw een some of th e i rredu ci b le

represen tations �

�

of G a n d some of the irr ed ucible rep-

resen tations �

�

of H . W e consider the mo du l e

! =

M

�

�


 �

�

of G � H :

� By assu mption th er e are n o rep etitio n s amo n g

th e �

�

o r �

�

.

� In imp o rtan t ca s e s , ! has a natural const r u ctio n .

� If G = U ( N ) and H = S

k

this mo du l e is 


k

V .

� How e disco v ered th a t t he W eil rep r es en ta t i on

giv es corr es p o n dences f o r reduct i v e du a l pairs o f

su bgro u ps of S p (2 n ) o r i t s d ouble co v e r (th e

metap l ectic g roup .

GL ( N ; C ) � GL ( m ; C ) duali t y

Let GL ( N ; C ) � GL ( m ; C ) act o n M a t

n � m

( C ) b y l eft

and r igh t m ultiplica t i on. T h er e is ind uced a n a ct i on on

th e p olynomia l ri n g S ( M a t

n � m

( C )) . This is a cor re-

sp ond ence. It ind uces a cor resp ond ence of the maximal

compact sub gr oup s U ( N ) � U ( M ) s i n ce irr ed ucible rep ' s

of U ( N ) corr es p on d bijectiv ely t o anal yt i c reps o f

GL ( N ; C ) . T h i s is a Ho w e corr es p ond ence.
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Inn er pro duct form u l as

Th e orem. (P eter -W eyl + Sc h u r o rthogonali t y)

Assum e G c omp ac t . T he char acters of t he irr e du cib le

r e pr esen t ations sp an t he subsp ac e of L

2

( G ) c onsist in g of

c lass fu n ctio n s. They ar e an o r t ho norma l b a sis .

Th us gi v en a corr es p ond ence:

G H

�

�

� �

�

�

�

�

2 L

2

( G ) � �

�

�

2 L

2

( H )

( � 2 ind exi n g set )

Let L

!

2

( G ) and L

!

2

( H ) b e th e span o f the c haracter s �

�

�

and �

�

�

. T h e corr esp ond ence determines an is omet ry

L

!

2

( G ) � L

!

2

( H ) :

They ma y allo w u s to t ran s fer an in ner p ro du ct

com p utation f r om G to H . Th us if � 2 L

!

2

( G ) is a

class fun ctio n , and  2 L

!

2

( H ) i s th e corre s p o n ding cl ass

fu nction o n H w e h a v e

Z

G

j � ( g ) j

2

d g =

Z

H

j  ( h ) j

2

d h:

W e w ill g iv e some exa m ples where the rig h t -h a n d sid e i s

easier to ev al u a t e than the left- hand side, lea d i n g to

n o n t r ivia l r es ults i n R MT.
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Diac on is an d S hashah ani

Let G = U ( N ) , H = S

k

, ! = F rob e n ius- Sc h ur d uali t y

Th e orem 1. If N > k

1

+ 2 k

2

+ � + r k

r

t he n

Z

U ( N )

j t r ( g ) j

2 k

1

j tr ( g

2

) j

2 k

2

� j tr ( g

r

) j

2 k

r

d g =

Y

j = 1

r

j

k

j

k

j

! :

Pro of . Let k = k

1

+ 2 k

2

+ � + r k

r

, and let � b e t he p a r-

tition of k co n t a in i n g k

1

en t r ies equal to 1 , k

2

en tri es

equ a l to 2 , and so fo rth . Let C

�

b e th e conju g acy cl ass

of p er m u ta t i on s � 2 S

k

of t yp e � (s o � has k

j

cycles o f

length j in its decomp ositi on to disjoin t cycles). Let p

�

b e t he c onjugacy cl as s indic a tor on S

k

,

p

�

( g ) =

�

z

�

0 oth er wise ;

where z

�

=

Q

j = 1

r

j

k

j

k

j

! . T h e class fun c t i on

g � tr ( g )

k

1

t r ( g

2

)

k

2

� tr ( g

r

)

k

r

in L

!

2

( G ) co rresp o n ds t o th e fu nction p

�

2 L

!

2

( H ) and so

its norm is the sam e as t h e n orm of p

�

, i.e. z

�

. �

Th us

Z

U ( N )

j tr ( g ) j

2 k

1

j tr ( g

2

) j

2 k

2

� j tr ( g

r

) j

2 k

r

d g

s tab ilizes w h en N i s la rge. As ymptotical ly t he v a lu e

d i s tri b ution o f tr ( g ) ; tr ( g

2

) ; � ; tr ( g

r

) is of ind ep en den t

normal ( i .e. Gaussian) rand o m v ariabl e s .
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C auc h y I d en t it y

X

�

s

�

( �

1

; � ; �

n

) s

�

( �

1

; � ; �

m

) =

Y

i ; j

(1 � �

i

�

j

)

� 1

� S um i s o v er p a rtitions of length 6 N .

� F u nd a men t a l i n what w e d o next .

� Un derl y i n g co rresp ond e n ce: G ; H = U ( n ) ; U ( m )

T a k e n = m . Consider th e a ct i on o f U ( n ) � U ( n ) on

L

2

( G ) :

( g ; h ) f ( x ) = f ( g

� 1

x h )

Lemm a. If G is any c omp act g r ou p, G � G ac t s on

L

2

( G ) and

L

2

( G ) =

M

� 2 Irr ( G )

� 
 � ^ � ^ = c ontr agr e d ie nt r e p 'n :

(This i s a gai n P eter-W eyl th e orem). F o r G = U ( n ) ,

th er e is a n in v ol u tio n � : G � G n a m el y

�

g =

t

g

� 1

su c h

th a t g 	 � (

�

g ) is equ iv al e n t t o � ^ . This is b ecaus e

g

� 1

is conju g ate to

�

g . So w e mo d i fy th e actio n :

( g ; h ) f ( x ) = f (

t

g x h )

and in this acti on :

L

2

( G ) =

M

� 2 Irr ( G )

� 
 �
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P olynomial v ersi on

In th i s decomp ositio n

L

2

( G ) =

M

� 2 Irr ( G )

� 
 � ( Hi lb ert sp ace � .)

w e ma y r es tri ct o u rselv es to th e su bsp ac e o f U ( n ) - �n i t e

v ector s , whic h form th e a�n e ri n g

A = C [ X

i j

; d et

� 1

�

; X

i j

= co o rd i n a t e fu nctions.

( G is compact so con tin uous fu nctions ar e L

2

.) Then

A =

M

� 2 Ir r ( G )

� 
 � (Algebrai c � . )

� � r u ns th r ough �

�

where � = ( �

1

; � ; �

n

) is a

w eigh t, i.e. �

1

> � > �

n

, �

i

2 Z

� The w eig h t s � w ith �

N

> 0 a re p art i t ion s .

� A�n e ring C [ X

i j

]

of Ma t

n

i s

C [ X

i j

]

=

M

partitions �

�

�


 �

�

(Algebra ic � .)

� This is b ecaus e o n ly the m a t r ix co e�cien ts o f �

�

where � is a partitio n are reg u la r on th e determi-

n a n t lo cus.
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Pro of of t he C auc h y I d en t it y

W e h a v e

C [ X

i j

]

=

M

p a rtiti o n s �

�

�


 �

�

( Al gebrai c � ) ( 1 )

as U ( n ) � U ( n ) mo du l es , where ( g ; h ) act b y

( g ; h ) f ( x ) = f (

t

gx h ) ; f : Ma t

n

( C ) � C :

Let g ; h h a v e eig en v a lu es �

1

; � ; �

n

a n d �

1

; � ; �

n

.

T a kin g the tra ce in t his i d en tit y gi v es

X

�

s

�

( �

1

; � ; �

n

) s

�

( �

1

; � ; �

n

) =

Y

i ; j

(1 � �

i

�

j

)

� 1

:

� The ser ies i s only con v er gen t if j �

i

j ; j �

j

j < 1 . But

(1) exten ds to GL ( n ; C ) � GL ( n ; C ) of w h ic h

U ( n ) � U ( n ) is a maxima l compact, and �

�

exten d to analytic reps o f GL ( n ; C ) .

� The ca s e n > m can b e ded uced b y sp eci ali zin g

b

m + 1

; � ; �

n

� 0 :

� A t th e hear t o f t he pro of is a c orresp o n den ce

with G ; H = U ( n ) and

! =

M

p a rtitions �

�

�


 �

�

= p olynomia ls o n M a t

n

( C ) :

� This a case of t he H o w e cor resp ond ence.
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Dual Ca uc h y Id en t i t y

If � is a partitio n represen t it b y a Y oun g di ag ra m .

T r an sp o s i n g th e diagr am o f � giv es th e d i agr am o f th e

conjugate p art i t ion �

0

.

Example. N = 4 , � = (2 ; 2 ; 1 ; 0 ) = ( 2 ; 2 ; 1 ) = ( 2

2

1) .

� = �

0

=

Th us � is a partitio n of 5 o f length 3 or in to 3 p a rts.

�

0

is a p a rtitio n of 5 o f length 2 or in to 2 p a rts .

The ring � has a basis s

�

whic h sp ecia lize t o c hara ct e rs

of i rredu ci b l e rep's of S

k

( k =

P

�

i

) or U ( N ) N >

length ( � ) . The ma p s

�

	 s

�

0

i s a n autom orp hism o f

� whic h w e wi ll call the in v olu t i o n .

Ap plying th e in v olution t o o n e set o f v ar iables i n th e

Cauc h y iden tit y

X

�

s

�

( �

1

; � ; �

n

) s

�

( �

1

; � ; �

n

) =

Y

i ; j

(1 � �

i

�

j

)

� 1

:

p r o d uces th e d ual C auc h y id en t i t y

X

�

s

�

( �

1

; � ; �

n

) s

�

0

( �

1

; � ; �

n

) =

Y

i ; j

(1 + �

i

�

j

) :
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K eating an d Sn aith

The fo llow ing theore m w as v ery i n �u en tia l in th e app l i-

catio n of RMT to � .

Th e orem. W e have

Z

U ( N )

j d et ( g � I ) j

2 k

d g =

Y

j = 0

N � 1

j !( j + 2 k )!

( j + k )!

2

:

The s a me cons tan ts app ear i n the ( co n jectural ) 2 k - th

momen t of � .

� The ori ginal p ro o f of K e atin g and Snaith u sed

th e S el b erg in tegr al.

� W e wil l giv e another p ro o f (du e to Ga m b urd)

th a t u ses GL ( N ) � GL (2 k ) d uali t y.

� The tw o pro ofs ha v e d i� eren t genera liza t i on s.

The p r o o f of K ea tin g an d Sn ai t h al lows in terp o-

latio n o f k to rea l n u m b ers, while Gam b urd ' s

p r o of a llo ws mor e ge n era l ev a lu a tions su c h as

Z

U ( N )

j det ( g � I ) j

2 k

�

�

( g ) d g

where �

�

is the c h ar acter of �

�

.

16



Pro of of K eating-S naith form u la

If �

1

; � ; �

N

a n d �

1

; � ; �

N

ar e co m plex n u m b ers, w e w ill

sh ow

Z

U ( N )

Y

i = 1

k

n

det ( I + �

i

g ) det ( I + �

i

� 1

g

� 1

)

o

d g =

s

( N

k

)

( �

1

; � ; �

k

; �

1

; � ; �

k

) : (2)

The l eft -h a n d side equ al s

Y

�

i

� 1

Z

U ( N )

Y

i = 1

k

f

det ( I + �

i

g ) det ( g �

i

+ I )

g

det ( g )

k

d g :

By du a l Cauc h y id , i f t

1

; � ; t

N

a re eigen v alues o f g ,

Y

i = 1

k

f

det ( � ) det ( � )

g

=

X

�

s

�

( �

1

; � ; �

k

; �

1

; � ; �

k

) s

�

0

( t

1

; � ; t

N

) ;

S i n ce det ( g )

k

= s

�

0

( t

1

; � ; t

N

) , in tegra t i n g o v er g p i cks o�

ju st one term, w ith �

0

= ( k

N

) and so � = ( N

k

) s o . Th i s

p r o v es (2). T aking �

i

= �

i

= 1

Z

U ( N )

j d et ( g � I ) j

2 k

d g = s

( N

k

)

2 k term s

(1 ; � ; 1 ) ;

th e d i men sion of the r ep ' n �

( N

k

)

of U (2 k ) . This d imen-

sion is compu ted u sing W eyl's dimen sio n fo rm ula,

p r o vi n g th e th eo rem o f Keating an d S naith.
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Analysi s of th e pro of

� Un derl y i n g th i s comp utation is the (du al )

Cauc h y iden tit y.

� The Cauc h y iden t i t y for GL ( N ) � G L ( 2 k )

amoun ts to the u se of th e Ho w e c orresp o n den ce

for GL ( N ) � G L (2 k ) .

� In th i s corre s p o n den c e, if � i s a dominan t w eigh t,

�

�

GL ( N )

cor resp ond s t o �

�

GL (2 k )

.

� Bu t i n the Cauc h y i d en tit y �

�

GL ( N )

c orresp o n ds

to �

�

0

G L (2 k )

.

� When � = ( N

k

) , �

0

= ( k

N

) and th e an sw er t urns

out to b e the dimens i on of th i s �

�

0

GL (2 k )

.

� W e u s ed t h e corre sp onden ce to t ran s fer

t h e c o mp utat ion f rom GL ( N ) t o GL ( 2 k ) .

� S i milar ly, momen ts for cl ass i cal gr oup s can b e

exp r es sed i n terms of c hara cters o f ot h er group s

p a rametri zed b y re c t an g u lar partit i o n s . Th us

a resu l t of K ea t i n g and Sn a ith can b e wr itt en:

Z

Sp (2 N )

Y

j = 1

k

d et ( I � x

j

g ) d g =

( x

1

� x

k

)

N

�




N

k

�

S p (2 k )

( x

1

� 1

; � ; x

k

� 1

) =

X

" 2 f � 1 g

Y

j = 1

k

x

j

N (1 � "

j

)

Y

i 6 j

(1 � x

i

"

i

x

j

"

j

)

� 1

:
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Ratios

Let �

L ; K

c on sist o f p er m ut a t i ons � 2 S

K + L

su c h th a t

� (1) < � < � ( L ) ; � ( L + 1 ) < � < � ( L + K ) :

Th e orem. ( C o n rey, F armer an d Zirn b auer) If

N > Q ; R and j 


q

j ; j �

r

j < 1 we h av e

Z

U ( N )

Q

l = 1

L

d et ( I + �

l

� 1

� g

� 1

) �

Q

k = 1

K

det ( I + �

L + k

� g )

Q

q = 1

Q

det ( I � 


q

� g )

Q

r = 1

R

det ( I � �

r

� g

� 1

)

d g =

X

� 2 �

L ; K

Y

k = 1

K

( �

� ( L + k )

� 1

�

L + k

)

N

�

Q

q = 1

Q

Q

l = 1

L

(1 + 


q

�

� ( l )

� 1

)

Q

r = 1

R

Q

k = 1

K

(1 + �

r

�

� ( L + k )

)

Q

k = 1

K

Q

l = 1

L

( 1 � �

� ( l )

� 1

�

� ( K + k )

)

Q

r = 1

R

Q

q = 1

Q

(1 � 


q

�

r

)

:

� A cco rd i n g t o CFZ t he assu mption th at N i s l arge

can b e eli min a ted .

� Pro o f wil l dep end o n t he generali zed C auc h y

id e n tit y i n v olvi n g Li t tlew o o d - S c h ur func -

t i o n s .

� These w ere stu died b y L ittlew o o d and al s o b y

Berel e and R e gev, wh o apparen tly redisco v ered

th em.
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Generali zed Cauc h y iden tit y

De�n e th e Litt l e w o o d-S c h u r p ol ynomial

LS

�

( x

1

; � ; x

k

; y

1

; � ; y

l

) =

X

� ; �

c

� �

�

s

�

( x

1

; � ; x

k

) s

�

0

( y

1

; � ; y

l

) :

The c

��

�

a re the L itt l ew o o d- Ric h a rd so n co e�cien ts .

Th e orem. (Bere l e an d Rege v )

X

�

LS

�

( �

1

; � ; �

m

; �

1

; � ; �

n

) LS

�

( 


1

; � ; 


s

; �

1

; � ; �

t

) =

Y

i ; k

( 1 � �

i




k

)

� 1

Y

i ; l

(1 + �

i

�

l

)

Y

j ; k

(1 + �

j




k

)

Y

j ; l

(1 � �

j

�

l

)

� 1

:

W e wil l ass ume i t n o w and d iscuss th e p r o of l ater.

L aplace ex p ansion

Let ( a

i j

) b e ( L + K ) � ( L + K ) . Th en d et ( a

i j

) =

X

� 2 �

L ; K

sgn ( � )

�

�

�

�

�

�

�

a

1 ; � (1 )

� a

1 ; � ( L )


 


a

L ; � (1)

� a

L ; � ( L )

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

a

L + 1 ; � ( L + 1 )

� a

L + K ; � ( L + K )


 


a

L + K ; � ( L + 1)

� a

L + K ; � ( L + K )

�

�

�

�

�

�

�

:

P ro of

easy :
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L aplace ex p ansion f or LS

�

Prop osit i o n . Supp ose � of len gth 6 K s uch that �

L

>

�

L + 1

+ Q , le t � = � [ � with

� = ( �

1

; � ; �

L

) ; � = ( �

L + 1

; � ; �

L + K

) :

Then

L S

�

( �

1

; � ; �

L + K

; 


1

; � ; 


Q

) =

X

� 2 �

L ; K

Y

1 6 l 6 L

1 6 k 6 K

( �

� ( l )

� �

� ( L + k )

)

� 1

LS

� +




K

L

�

( �

� (1)

; � ; �

� ( L )

; 


1

; � ; 


Q

)

LS

�

( �

� ( L + 1)

; � ; �

� ( L + K )

; 


1

; � ; 


Q

)

Pro of . In du c t i on on Q . If Q = 0 , this sa ys

s

�

( �

1

; � ; �

L + K

) =

X

� 2 �

L ; K

Y

1 6 l 6 L

1 6 k 6 K

( �

� ( l )

� �

� ( L + k )

)

� 1

s

� +




K

L

�

( �

� (1)

; � ; �

� ( L )

) s

�

( �

� ( L + 1)

; � ; �

� ( L + K )

) :

This is p ro v ed b y app lyi n g th e Laplace exp a n sio n t o th e

d eter m i n a n t d e�nition o f th e Sc h u r fun ctio n . F o r Q > 0

one add s th e 


i

one at a time us i n g P ieri 's form ula

(i.e. th e degenerate Littlew o o d -R i c hards o n rule). �
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Pro of (sk et c h) of un i t ary C FZ

By the du a l Cauc h y id e n ti t y,

Y

l = 1

L

d et ( I + �

l

� 1

� g

� 1

) �

Y

k = 1

K

det ( I + �

L + k

� g )

= det ( g )

L

Y

l = 1

L

�

l

� N

Y

k = 1

K + L

det ( I + �

k

g )

= det ( g )

L

Y

l = 1

L

�

l

� N

X

�

s

�

( �

1

; � ; �

K + L

) �

�

0

( g )

O n t he o th er han d b y th e Ca u c h y iden tit y

Y

q = 1

Q

d e t ( I � 


q

g )

� 1

=

X

�

s

�

( 


1

; � ; 


Q

) �

�

( g )

and

Y

r = 1

R

det ( I � �

r

� g

� 1

)

� 1

=

X

�

s

�

( �

1

; � ; �

R

) �

�

( g ) :

By Sc h ur orthogonal it y

Z

U ( N )

Q

l = 1

L

de t ( I + �

l

� 1

� g

� 1

) �

Q

k = 1

K

d et ( I + �

L + k

� g )

Q

q = 1

Q

d et ( I � 


q

� g )

Q

r = 1

R

det ( I � �

r

� g

� 1

)

d g =

X

� ; � ; �

D

�

�

0

�

�

; d e t

L


 �

�

E

Y

l = 1

L

�

l

� N

s

�

( �

1

; � ; �

L + K

) s

�

( 


1

; � ; 


Q

) s

�

( �

1

; � ; �

R

) :
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W e rewr ite this a s

Y

l = 1

L

�

l

� N

X

� ; � ; �

c

�

0

�

� ~

s

�

( �

1

; � ; �

L + K

) s

�

( 


1

; � ; 


Q

) s

�

( �

1

; � ; �

R

) =

Y

l = 1

L

�

l

� N

X

�

LS

� ~

( 


1

; � ; 


Q

; �

1

; � ; �

L + K

) s

�

( �

1

; � ; �

R

) =

Y

l = 1

L

�

l

� N

X

�

L S

� ^

( �

1

; � ; �

L + K

; 


1

; � ; 


Q

) s

�

( �

1

; � ; �

R

) ;

where � ~ = � +




L

N

�

a n d � ^ = � ~

0

= N

L

[ �

0

. Usin g th e

Laplace expans i on for LS

� ^

:

LS

� ^

( �

1

; � ; �

L + K

; 


1

; � ; 


Q

) =

X

� 2 �

L ; K

Y

1 6 l 6 L

1 6 k 6 K

( �

� ( l )

� �

� ( L + k )

)

� 1

� LS




( N + K )

L

�

( �

� (1)

; � ; �

� ( L )

; 


1

; � ; 


Q

)

� LS

�

0

( �

� ( L + 1)

; � ; �

� ( L + K )

; 


1

; � ; 


Q

) :

S ubs titut i n g this, using g en er ali zed Cauc h y iden t i t y to

ev aluate the sum o v er � , and Littlew o o d 's form ula

L S

h

( l + m )

k

i

( x

1

; � ; x

k

; y

1

; � ; y

l

) =

 

Y

i = 1

k

x

i

!

m

Y

1 6 i 6 k

1 6 j 6 l

( x

i

+ y

j

)

g iv es

X

� 2 �

L ; K

Y

k = 1

K

( �

� ( L + k )

� 1

�

L + k

)

N

�

Q

q = 1

Q

Q

l = 1

L

(1 + 


q

�

� ( l )

� 1

)

Q

r = 1

R

Q

k = 1

K

(1 + �

r

�

� ( L + k )

)

Q

k = 1

K

Q

l = 1

L

(1 � �

� ( l )

� 1

�

� ( K + k )

)

Q

r = 1

R

Q

q = 1

Q

(1 � 


q

�

r

)

:
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Remarks on t he pro of

� There ma y b e mo re th a n one w a y to pro ceed

once w e h a v e an a d equate set o f to ol s .

� The to ols, m a inly th e general ized Cauc h y i d en-

tit y, La p la ce exp a n sion and Li t tlew o o d's i d en tit y

are th emselv es of cons i d er ab l e i n ter es t.

W e wil l concen t r ate o n ideas a roun d t he general ized

Cauc h y iden tit y a n d L ap l ace exp a n sion.

U ( p + q ) � U ( p ) � U ( q ) branc hi ng

As b efor e, �

�

= c hara ct e r o f �

�

, � a dominan t w eigh t.

W e assu me � i s a p a rtition, s o �

�

is a p o lynomial rep'n.

Th e orem. (i) W e have

�

�

( p + q )

j

U ( p ) � U ( q )

�

g

1

g

2

�

=

X

� ; �

c

��

�

�

�

( g

1

) �

�

( g

2

) ;

�

�

( p + q )

�

g

1

g

2

�

=

M

� ; �

c

��

�

�

�

( g

1

) 
 �

�

( g

2

) :

(ii) L et x

1

; � ; x

p

a n d y

1

; � ; y

q

b e two se t s o f vari ab les.

s

�

( x

1

; � ; x

p

; y

1

; � ; y

q

) =

X

� ; �

c

��

�

s

�

( x

1

; � ; x

p

) s

�

( y

1

; � ; y

q

) :

The tw o s ta t emen ts a re equ iv al en t . (T ak e x

i

; y

i

t o b e

eige n v al u es of g

1

and g

2

.)
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Pro of of u nitary bran c hing

In th e con text o f th e un ita ry g roup s t he L itt l ew o o d-

R i c hardson rules o ccur in 2 dist i n ct w a ys:

� Cleb s c h - Gordan co ef : c

��

�

is the m ultip l icit y o f

�

�

i n �

�


 �

�

r ep s o f U ( N ) o r GL ( N ; C ) .

� Un it a r y b ranc hi ng ru le: c

��

�

is t he m ultip l icit y

of �

�

GL ( p )


 �

�

GL ( q )

in the restri ct i on of �

�

GL ( p + q )

.

The S ee-S a w:

U(p) � U(q)

U(p + q)

U(n)

U(n) � U(n)

� V ertica l l ines are inclusions

� Dia gonal li n es a re corre s p o n dences

� Let ! = acti on of U ( p + q ) , U ( n ) on s ymmetric

alg eb r a o f Mat

( p + q ) n

( C ) (left, rig h t translatio n )

� ! =

L

�

�

�

U ( p + q )


 �

�

U ( N )

.

� Alternativ e ly w e h a v e actio n ! of U ( p ) � U ( q )

and U ( n ) � U ( n ) on same s ymmetric al gebra.

� ! =

L

� ; �

( �

�

U ( p )


 �

�

U ( q )

) 
 ( �

�

U ( n )


 �

�

U ( n )

)
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Un i t ary branc h i n g, c on tin ued

The rep r es e n ta t i on ! is t he actio n of U (( p + q ) n ) o n th e

sy mmetri c a lgebra on M a t

( p + q ) � n

( C ) . Both du al pai rs

can b e em b ed ded

U ( p + q ) � U ( n )

&

U ( ( p + q ) n )

%

( U ( p ) � U ( q ))

�

( U ( n ) � U ( n ))

The a ct i ons are as follo ws. Let

X =

�

X

1

X

2

�

2 M a t

( p + q ) � n

( C ) ; X

1

2 M a t

p � n

( C ) ;

X

2

2 Mat

q � n

( C ) :

� A ctio n of U ( p + q ) is b y left m u l tip l icatio n .

� U ( n ) � U ( n ) i s b y r igh t m u lti p li cation on X

1

and X

2

ind i v i d uall y.

U(p) � U(q)

U(p + q)

U(n)

U(n) � U(n)

� The un i tary b ra n c h i n g rule n o w fo llo ws .. .
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S ee-Saw

Let ! b e a represen tation o f 
 . Let G

1

� 
 , a n d H

2

b e

its cen tra lizer . Ass ume

! j

G

1

� H

2

=

M

i 2 I

�

i

(1)


 �

i

(2)

where �

i

(1)

and �

i

(2)

are i rredu ci b le r ep 's of G

1

and H

2

,

and �

i

(1)

� �

j

(2 )

i s th e gr ap h o f a cor resp ond ence.

Let H

1

� G

1

. T h e cen trali zer G

2

of H

1

con tai n s H

2

.

H1

G1

H2

G2

Ass ume ! j

H

1

� G

2

is a lso a c orresp o n den ce .

! j

H

1

� G

2

=

M

j 2 J

�

j

(1 )


 �

j

(2)

:

Lemm a 2. Ass ume the br anc hing r ule s

�

i

( 1)

=

X

j 2 J

c

i j

�

j

(1 )

; �

j

(2 )

=

X

i 2 I

d

j i

�

i

(2 )

( 3 )

Then t he c

i j

= d

i j

.

Pro of . Both c

i j

and d

i j

= m ultiplicit y of �

j

(1 )

� �

i

(2 )

in

! as H

1

� H

2

mo du l es . �
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Pro of of gen eral ized C auc h y

R e call th at t he i n v ol u tion � � r ou g h l y� i n t e rc hanges th e

tw o ge n era tin g fun ctio n s:

X

t = 0

1

t

k

h

k

( �

1

; � ; �

N

) =

Y

j = 1

N

(1 � t �

j

)

� 1

:

X

t = 0

1

t

k

e

k

( �

1

; � ; �

N

) =

Y

j = 1

N

(1 + t �

j

) :

S ta rt wi th Cauc h y iden t i t y, ap ply u nitary branc hing:

Y

i ; k

(1 � �

i




k

)

� 1

Y

i ; l

(1 � �

i

�

l

)

� 1

Y

j ; k

(1 � �

j




k

)

� 1

Y

j ; l

(1 � �

j

�

l

)

� 1

=

X

�

s

�

( �

1

; � ; �

m

; �

1

; � ; �

n

) s

�

( 


1

; � ; 


s

; �

1

; � ; �

t

) =

X

�

X

� ; �

c

� �

�

s

�

( �

1

; � ; �

m

) s

�

( �

1

; � ; �

n

)

X

� ; �

c

��

�

s

�

( 


1

; � ; 


s

) s

�

( �

1

; � ; �

t

) :

Now app l y � in v ar iables � and � :

Y

i ; k

(1 � �

i




k

)

� 1

Y

i ; l

(1 + �

i

�

l

)

Y

j ; k

(1 + �

j




k

)

Y

j ; l

(1 � �

j

�

l

)

� 1

=

X

�

L S

�

( �

1

; � ; �

m

; �

1

; � ; �

n

) L S

�

( 


1

; � ; 


s

; �

1

; � ; �

t

) :

Th us w e o b tain t he G enera lized C auc h y i d en tit y.
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Hopf al geb ra structu re for �

The General ized C au c h y i d en tit y is e q uiv al en t to an

imp or tan t fact. Th e ri n g � i s a graded a lgebra.

� =

M

k

�

k

; �

k

= g en . c haracter s of S

k

:

The m u ltipli cation ( in du ct i o n ) i s a b il inear map � �

� that i n du ce s a h o momorph i s m � 
 � � � . In

d eg ree k this is a m a p

M

p + q = k

�

p


 �

q

	 �

k

:

O n �

p

� �

q

this i s in du ct ion o f c har s S

p

� S

q

� S

p + q

.

There is a du a l op er ation, namely res triction of c h ar s

S

p + q

� S

p

� S

q

. This g iv es a homomor p hism o f g raded

rings � � � 
 � cal led com u ltipl ication .

Th e orem. (G eissinger) Th e t w o op er ations of mu l t i-

plic atio n and c omultip l ic a tion m ake � a Hop f a l ge br a.

This means th at c om ultiplicati on is a h omo m o r-

p hism of g raded al gebras, or (equiv alen tly) t hat m ulti-

p l icatio n is a homomor p hism of gr ad ed coalg eb r as.

� The Ho p f alg eb r a structu r e w as p opu la rized b y

Zelevinsk y.

� W e will sh o w that th e t heor em is equ iv al e n t to

th e Gen era lized Cauc h y id e n ti t y!
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T he Hopf ax iom

Geiss i n g er's t heor em b oils down t o t he comm utativit y o f

th e foll owing d i agr am:

� 
 � � 
 � 
 � 
 � � 
 � 
 � 
 �

� � 
 �

m� 
 m� 1 
 � 
 1

m m 
 m
m�

m = m ulti p l ication ; m

�

= co m ult :; � ( x 
 y ) = y 
 x :

� S ta rt w ith a c h a racter o f i n �

p


 �

q

and pu sh i t

forw ar d t o �

r


 �

s

, where p + q = r + s = k .

� Th us w e are ind ucing a c h ar acter f r om S

p

� S

q

to

S

k

, t hen restricti n g to S

r

� S

s

.

Mack ey t h e ory

If G � H

1

; H

2

(� nite gro u ps) th er e a re tw o w a ys w e can

get from c har acters � of H

1

to c hara ct e rs o f H

2

. W e

can

Ind uce then rest rict or res trict then ind uce

An d these a re the same . More exactly

R es

H

2

Ind

H

1

G

( � ) =

M


 2 H

2

�

G / H

1

Ind

H




H

2

R es

H




(




� )

where H




= H

2

\ 
H

1




� 1

and




� ( h ) = � ( 


� 1

h
 ) . F or

sy mmetri c gr oup s this g iv es t he H op f axi o m .
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Hopf A xiom = G en eral ized C auc h y

The Ho p f axiom redu ces t o the for m ula

X

�

c

��

�

c

� �

�

=

X

' ; �

c

' �

�

c

 �

�

c

'�

�

c

 �

�

; ( 4 )

sin ce if w e ap ply m

�

� m to s

�


 s

�

, th e co e�cie n t o f

s

�


 s

�

is th e left s i d e, ( m 
 m ) � (1 
 � 
 1) � ( m

�


 m

�

)

giv es th e ri gh t side.

T o dedu ce (4) f r om t he general ized C au c h y i d en tit y

w e note that (in ob vious notatio n ) the r igh t s i d e of

Y

i ; k

(1 � �

i




k

)

� 1

Y

i ; l

(1 + �

i

�

l

)

Y

j ; k

(1 + �

j




k

)

Y

j ; l

(1 � �

j

�

l

)

� 1

=

X

�

L S

�

( �

1

; � ; �

m

; �

1

; � ; �

n

) L S

�

( 


1

; � ; 


s

; �

1

; � ; �

t

) :

is

X

�

c

��

�

s

�

( � ) s

�

0

( � ) c

��

�

s

�

( 
 ) s

�

0

( � )

while th e left side is

X

s

'

( � ) s

'

( 
 ) s

 

0

( � ) s

 

0

( � ) s

�

( � ) s

�

0

( � ) s

�

0

( � ) s

�

( 
 )

=

X

c

' �

�

c

 �

�

s

'

( � ) s

�

( � ) s

 

0

( � ) s

�

0

( � ) s

�

( 
 ) s

�

0

( � )

=

X

c

' �

�

c

 �

�

c

'�

�

c

 �

�

s

�

( � ) s

�

0

( � ) c

��

�

s

�

( 
 ) s

�

0

( � ) :

Compari n g , w e obt a in th e result.
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