Orthogonality of Characters

The orthogonality of characters is a part of what is called Schur orthogonality. I
gave a proof in class that is different from the proof in the book. Here it is. All vector
spaces are over C.

Let m: G — GL(V') be a representation of a finite group G. Its character is the func-
tion x(g) =tr(m(g)). Define

(1o F2h =57 3 xala)xal).

Lemma 1. Let U and V be vector spaces, and let A € Endg(U), B € Endg(V). Let W =
Homg (U, V). Let T: W — W be the linear transformation defined by T(f)= Bo fo A.
Then

tr(T) =tr(A)tr(B).

Proof. Let us choose bases of U and V so that A, B and f are represented by matrices
(Aij;), (Bij) and (f;;). Then the matrix of T'f is (7;;) where

ki ki
Tij= g BifriAyi= g Ci5 fri, Cij = BirAyi
k.l k1

Thus C’fjl are the entries in the matrix of a linear transformation representation repre-
senting T". The trace is the sum of the diagonal entries:

tr(T) ZCZJ—ZB”A”_tr A) -tr(B). O
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A linear transformation p: V — V is called a projection if it is idempotent, that is, p? =
p.

Lemma 2. Let p: W — W be a projection. Then W = ker(p) @ im(p). Moreover the
trace of p is the dimension of the image of p.

Proof. Please confirm that W = ker(p) @ im(p). Choose a basis z1, ---, x4 of im(p).
Complete it to a basis of W by adjoining a basis y1, ---, ym of ker(p). With respect to
the basis x1, -+, x4, Y1, ", Ym the matrix of p is

(“0.)
s0 tr(p) = d = dim im(p). O

Theorem 3. If x1 and x2 are the characters of representations m, and wo on Vq, Va.

(X1, x2) = dimHomg(V1, V2).



It is understood that Home(Vi, Va) is the space of G-module (i.e. C[G]-module) homo-
morphisms. Since V; is a C[G]-module by means of ¢g-v =m;(g)v for g € G (extended to
C[G] by linearity) this means that m3(g) o f = fom(g) for g € G is the condition for f €
Homg (V4, V2) to be in Homeg(Vy, V2).

Proof. Let W =Homg(V1, V2). Define p: W — W by
1
P = 3 ma9)o fomls™), M)
geG

We claim that p is a projection with image Homeg(V1, V2). To see this it is sufficient to
show that:

e If feHome(Vi, V3) then pf € Homg(Vh, V2),
e feHomg(Vh,Vs) then pf=f.

For the first assertion,
1 _
p(f)om(h) :ﬁ Z ma(g)o fom(g™'h).

geG
Now the variable change g—— hg shows that this equals
1 —1
p(f)oﬂ(h):@ > " ma(h)ma(g) o fom(g™t) =ma(h) o p(f).
geG

For the second, if f € Homg(V4, Va) then each term in the sum on the right-hand side of

(1) equals f and so p(f)=f.
Now by the Lemmas,

dimHomg(V1, Vo) =tr(p) = ﬁ Z trma(g) -trmi(g™h) = ﬁ Z x2(9) - x1(9)-

This prove that dimHomeg(Vi, V2) = (x2, x1) = (X1, X2). But since this dimension is real,
we may discard the complex conjugation. 0]

Theorem 4. (Schur) If x; and x2 are the characters of irreducible representations my
and 7. Then

|1 if m and w2 are equivalent,
O xe) = { 0 otherwise.

Proof. Since now 7 and w5 are irreducible, Schur’s Lemma asserts that

1 if Vi Vs,

dimHomG(Vh VZ) = { 0 otherwise

and the statement follow. O



