Notes for May 1

1 Next Homework

For May 7, do (in Chapter 18) numbers 4, 5, and 15. Here are some more specific
instructions for numbers 4 and 15.

Problem 4 is misstated. He means: Let S be a normal subgroup and let ¢ be an
irreducible character of S. Then ¥ is irreducible if and only if

[o]Y =1 for o € G if and only if 0 € S.

As in Section 7 and other problems, ([o]¢(g) =1 (0" 1g0).

Modify Problem 15 slightly. The problem is correct as stated but I prefer to
change it slightly. Modify slightly the defining formula for functions f in Mqg(Fy, Fb):
they are to satisfy

f(haghi) = pa(h2) f(g) p1(ha).

Construct the isomorphism so that f corresponds to L € Homg(FlG oS ) where
Lo=fxpeFy,  ¢eFy,
we define the convolution as follows:

(Fx)(9)=3 Flgz)pula).

zeG

This problem is important. If you understand it and its implications you understand
Mackey theory.

2 Remarks on SLy(IF3)

The group SL(IF3) is a nonabelian group of order 24. It is somewhat related to the
group Sy, which is another nonabelian group of order 24, in that we have short exact
sequences:

1— Zo— SLy(F3) — Ay — 1,

1—Ay— Sy— 75— 1.
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The groups are thus twins in that they have the same composition factors in the Jordan-
Holder Theorem. The homomorphism SLo(IF3) — A4 corresponds to the action on the
3-Sylow subgroups, or on the projective line P}(IF3) = F3U {cc}.

However computing the character table of SLo(IF3) is harder than computing the
character table of S;. Here are the conjugacy classes. We give the order of each conju-
gacy class, and a representative.

1 1 6 4 4 4 4
1 -1 1 11 1 -1 -1 1 -1 -1
1 ~1 ~1 1 1 —1 1
Using the homomorphism SLo(IF3) — A4, we can pull back the four irreducible charac-
ters of A4 and obtain the following four characters. Here p = e>7%/3.
X1

Co) o) G ) D)) [ )

1 1
1 1
X3 |1 1
X4 |3 3
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QIR |+
oI I |+
QI |+

—1

The remaining 3 characters are surprisingly hard to construct, and we will introduce
some new concepts in order to get them. First, we note the concept of the central char-
acter of a representation.

Proposition 1. Let (m, V) be an irreducible representation of the finite group G. Then
there exists a linear character w of the center Z(G) such that if z € Z(G) then w(z) is
the scalar linear transformation w(z)- 1. (Here I:V — V is the identity map.) So if x =
X= we have x(z)=dx(z) for all z€ Z(G), where d=dim(V).

Proof. Since z € Z(G) we have zg = gz for all g € G, so 7(z)n(g) = 7(g)w(z). This
means that 7(z) € Home (g (V, V). So by Schur’s Lemma (Lemma ? (ii)) there is a scalar
w(z) such that 7(2)v =w(z)v for all v € V. We note that if z,2' € Z(G) and 0£v eV is

any nonzero element we have
wzzhv=m(zzYv=n(2)r(z )v=w(z)w(z")v,

so w(zz') =w(z)w(z’), and w is a linear character of Z(G). O

In the case at hand, Z(G) ={ 4+ I} has order 2, and a glance at the characters we’ve
constructed shows that they all have trivial central character. Our search for characters
to induce can be narrowed with this in mind. We will seek subgroups H C G such that
H contains Z(G), and the characters that we will induce will have to have nontrivial
central characters.



REMARKS ON SLy(IF3) 3

Unfortunately, we won’t be able to make do with a single subgroup H. We’ll use two
different ones, then take linear combinations of the characters that we induce in order to
get an irreducible one. The first H that we will consider is a 2-Sylow subgroup. There
are 3 such 2-Sylow subgroups, but let us take this one:

Q=(z,y), 5":(_01 (1)) y:G - )

1 1

We have 22 = y2 = — I and yry ! = 27!, so this Sylow subgroup is isomorphic to the
quaternion group. Its character table is as follows:

Qlllz |22 |y |zy
0,111 |1 1 1
O (1)1 |1 —1]|-1
Os|1|—1|1 1 —1
04111 —1]1 —1]1
0512/0 |[—2[0 |0

(The resemblence to the character table of Dg is uncanny, but the two groups are noni-
somorphic.) If we are to have any hope of obtaining an induced representation of G that
has nontrivial central character, we must induce a character with nontrivial central char-
acter of @. (Luckily @ and G have the same center { &+ I'}.) There is only one candi-
date, so we try inducing 65 to G. We choose 3 arbitrary right coset representatives
x1, -, x3; then ) 95(xigx[1) is easy to compute, because it must vanish unless g =+ 1,
since 95 vanishes on the noncentral elements. However if g =41 it is central, so

05 (g) = Z Os(zigz; ) = 305(6),

and we have the following characters:

1 1 6 4 4 4 4

1 —1 1 11 1 -1 ~1 -1 -1 1

1 —1 —1 1 1 —1 —1
X1 |1 1 1 1 1 1 1
xz |1 1 p p? P p?
x3 |1 1 1 p? P p? P
E 3 —1 0 0 0 0
05 | 6 —6 0 0 0 0 0

This representation is, unfortunately, not irreducible, but we will find an irreducible rep-
resentation inside it. Before we can do that, we take another candidate for H, namely
the cyclic subgroup of order 6 generated by

u:<_1 j)
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We induce the linear character 1 (u’) = ( —1)¢, and we obtain

1 1 6 4 4 4 4
1 -1 1 11 1 -1 -1 -1 -1 1
Co)C ) ) o) )T e )
X1 |1 1 1 1 1 1 1
x2 |1 1 P p? P p?
x3 |1 1 p? P P’ p
x4 |3 3 -1 0 0 0 0
05 | 6 -6 0 0 0 0 0
Y& |4 —4 0 1 1 -1 -1

Now let us consider 85 — 9. We will show that this is an irreducible character of G. At
the moment, we don’t even know that it is a character, since we’ve taken two characc-
ters and subtracted them! How can we show that it is an irreducible character when we
don’t even know that it is a character? There is a way.

We define a generalized character of a finite group GG to be a linear combination of
characters with integer coefficients (possibly negative). If xi, ---, x5 are the irreducible
characters, then a generalized character is any class function

h
Z diXi, diE Z.
=1

This generalized character is a character if and only if the d; are all nonnegative. The
set of generalized characters is closed under both addition and subtraction. So although
we don’t know that 65 — ¢C is a character, at least it is a generalized character.

Lemma 2. Suppose that ¢ is a generalized character. If (¢, ¢)=1 and ¢(1) >0, then 6
1s an irreducible character.

Proof. Write ¢ = >  d;yx; as a linear combination of the irreducible characters. Since
the x; are orthonormal, (¢, ¢) =" d?. Since the d; are inegers and (¢, ¢) = 1, all bone
one of the d; are zero, and one is + 1. We have to eliminate the possibility that this
nonvanishing d; is — 1. But it is impossible that ¢ = — x; since both ¢(1) and x;(1) are
positive, so ¢ = x;. O

In the case at hand, 5 — ¢ satisfies the hypothesis of the Lemma, so let us call it

X5.- Then two more degree 2 irreducibles can be obtained using by multiplying this one
by one of the linear characters. We thus have the completed character table:

1 1 6 4 4 4 4
) C ) e e e e e )
1 -1 -1 1 1 -1 -1
X1 1 1 1 1 1 1 1
X2 1 1 p p? P p?
X3 1 1 1 P P p* p
X4 3 3 —1 0 0 0 0
X5 2 —2 0 —1 —1 1 1
X6 2 -2 0 —p —-p° p p?
X7 2 -2 0 P p* —p -’




