Second Take-Home Midterm

Frobenius-Schur Numbers

Rules: Due Wednesday, May 28 at 5 PM. I will be away during the week of May 19 but
will have office hours on May 26, 27 and 28 as usual. You may work together but write
up the solutions individually. In other words, discuss the problems all you want but
don’t show one another your written solutions. You may want to come to class during
the week of May 19 even though I won't be here to discuss the midterm. You may use
Lang’s Algebra but no other sources.

The first exercise is related to the material of Chapter 19 but I'm suggesting a varia-
tion of his construction of A¥V which is equivalent in characteristic zero, and we’ll also
need the symmetric power V¥V (often denoted SymF(V)).

Let V be a finite-dimensional vector space. Convince yourself that there are com-
muting actions of Sy and GL(V) on @*V =V @---@V, in which o € S}, has the effect

T(V1@ - @ V) = Vo-1(1) @ - DUy -1(p)
and g € GL(V) has the effect
901 @+ D) = gur @+ D guy.

ay be the subspace generated by tensors of the form o - & — & for 0 € Sj, and € € @* V.
Define a, to be the subspace defined by tensors of the form o-§ —sgn(o) - £. Define

VEV =@FV /ay, ANV =@F A Jan.

They are called the symmetric and exterior powers of V. If vy, -+, vi are in V', define
v1 V- Vo, and v A -+ A vy to be the images of v1 @ - @ v, in VFV and AFV respec-
tively.

Problem 1: Suppose that xq,---, 24 is a basis of V. Show that
Ty @@y, (1<, 1< d)
is a basis of @*V, that
iy Vo Vg, (1<ip < <ip<d)
is a basis of V¥V, and that
Ty N Ay, (1<ip < <ip<d)

is a basis of A*V. What are the dimensions of @V, V¥V and AFV?

Problem 2: Show that ay and a, are invariant under the action of GL(V'), and con-
clude that there are group homomorphisms V¥ : GL(V) — GL( VF V) and A" :
GL(V) — GL(A*V) such that

(VEg) (01 V- Vug) = guiVeV gug,

(A @) (1 A Avg) = gui A=A gug.
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Show that if aq,---, ag are the eigenvalues of ¢ then

k k
tr VF g =hi(ag, -, aq), tr A"g=er(ar, -, aq),
hi(ay, -, aq) = E Qe Qi ex(a, -, aq) = E Qe Qe
1< < <in<d 1< < <ip<d

If k=2 and d=3, write out hy and e; explicitly.

Hence if we have a representation m: G — GL(V') we may compose these with these
homomorphisms and get homomorphisms V¥ m: G — GL( V¥ V) and AF 71 G —
GL( A* V) called the symmetric and exterior powers of m. Let x, V¥ x and AFy be the
characters of m, VF7 and AF7, respectively.

Problem 3: Show that

Oé% +a%+ et 0432 hz(al, e Qg) — 62(a1, e, Q)
and deduce that

x(g?) =VZx—A%x.

Problem 4: Assume that y is irreducible. Show that y is real-valued if and only if <X27
1) =1. Show that x*=A? y+ Vv? . Conclude that if y is real valued then exactly one of
the alternatives:

</\zx,1>:1 and <V2x,1>:O,
or
(A?x,1)=0 and (VZy,1)=1

is true. Deduce that
if x is not real-valued, while

if x is real-valued.

Define the Frobenius-Schur number (when x is irreducible)

Ex= ﬁz x(9)%

We see it has value 0, 1 or — 1. Roughly speaking, the Frobenius-Schur number detects
whether the natural field of definition of the representation is C, R or H. Indeed, there
are natural homomorphisms GL(n, R) — GL(n, C) and GL(n, H) — GL(2n, C) and if
a complex representation factors through one of these its F'S number is 1 or — 1. You do
not have to prove this fact. But if ¢, = 1 the representation is called real or orthogonal,
while if e, =—1 it is called quaternionic or symplectic.
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Problem 5: Compute £, when x is the degree 2 irreducible character of G for G = Dy
(the dihedral group of degree 8) or G = @Q (the quaternion group of degree 8) or when y
is either of the degree 3 irreducible characters of As.

The aim of the next problem is to prove the following fact. Let g, h € G. Then
column orthogonality is the statement

—— | |Ca(g)] if g and h are conjugate,
Z Xlg)x( >_{ 0 otherwise. (1)

X

Here C(g) is the centralizer of g.

Problem 6: Let x; be the irreducible characters of G and let g; be representatives of
the conjugacy classes. Define U = (u;;) to be the matrix whose entries are

Xi(95)

VICa(gy)

Show that U is a unitary matrix, that is, U - U! =I. Remind us why the transpose of a
unitary matrix is unitary, and deduce column orthogonality (1) from the fact that U? is
unitary.

Ui 5 =

Problem 7: Let G be a group and let a € G. Evaluate the sum

fﬂz Y @ (Y

g€ irreducible x

in two different ways and deduce that the function M =) =, has the following combi-
natorial interpretation: M (a) is the number of solutions to the equation x? =a with x in
G. Deduce from this that >~ x(1) is the number of x € G such that x? = 1, then

a) is the number of x € G such that 2=« for all a.
>, X(a)

Problem 8: Let G =.5,, verify by straightforward checking for n <6 that the sum of the
degrees of the irreducible characters is the number of 2 € G such that 2= 1. (This fact

is true for all n but since you know the character degrees for n < 6 you can check it by
hand.)



